Let C n = L ⊕ W be a given direct sum decomposition. We determine the largest number r i such that all subspaces M for which the gap θ between L and M satisfies θ(L, M) < r i have the property dim(M ∩ W) < i. The problem involves angles between subspaces, i.e. singular values of products of projections.
Introduction
Let L ⊕ W = C n be a given direct sum decomposition of C n . It is well known (see e.g. [2, p. 390] ) that all subspaces M of C n which are sufficiently close to L (with respect to the gap metric) are also direct complements of W. In [1] and [7] the largest ε-neighbourhood U (L, ε) of L has been determined which has the property that M ∈ U (L, ε) implies M ⊕ W = C n . To describe the result of Berkson [1] and Schumacher [7] and a more general result, which is the main theorem of this paper, we use the following notation.
We consider C n with the usual inner product (x, y) = x * y. Subspaces of C n will be denoted by script capital letters such as X , Y, M, etc. Let P W denote the orthogonal projection of C n on W, and P (W, L) the projection on W along L, and set P (W, L; M) = P (W, L) |M . For a linear map A: Y → C n let A be the operator norm, i.e. A = sup{ Ay , y ∈ Y, y = 1}. The singular values σ 1 (A) ≥ σ 2 (A) ≥ . . . ≥ σ n (A) of A will always be ordered by decreasing magnitude such that σ 1 (A) = A .
The set of subspaces of C n is a metric space (see e.g. [4] , [2] ) if the distance between X and Y is measured by the gap
Note that θ(X , Y) ≤ 1 and θ(X , Y) = 1 if dim X = dim Y. If X and Y are nontrivial subspaces and r = min{dim X , dim Y} then we define the canonical angles
If dim X = dim Y = r then an equivalent definition (see e.g. [8] ) is given by
We set
and if dim X = dim Y = r we set
The subsequent theorem relates robustness of complementarity of L ⊕ W to the minimal angle of L and W. It gives a sharp bound r 1 such that [7] . Let L and W be nontrivial complementary subspaces of C n . Then every subspace M that satisfies
is complementary to W, and
In this paper we want to extend Theorem 1.1. We shall determine bounds
Since the relative position of two subspaces of a unitary space is completely determined by their canonical angles it is not surprising that the bounds r k can be expressed in terms of angles between L and W. The following theorem will be proved in Section 2.
In particular (1.1) and (1.2) are valid if
(ii) There exists a subspace M such that (1.1) and
hold. For such an M we have
2 Auxiliary results and proof of the main theorem Assume C n = L ⊕ W with dim L = s and r = min{dim L, dim W} = 0. A suitable choice of an orthonormal basis of C n allows us to work with L and W in the form
Then P L = diag(I s , 0) and
and we note the following observation.
In the case k = 1 we can write (2.3) as
(2.4)
The identity (2.4) is due to Ljance [5] (see also [6] ).
If dim M = s and M is represented as
The following result on the gap can be found in [8] . In our set-up the proof is straightforward.
Proof. Let L and M be given as in (2.1) and (2.5). Then
and
Hence (2.7) follows from
We shall need an estimate for the singular values of P (W, L; M).
Proof. Using an inequality for singular values of products [3, p.178] we obtain
With regard to (2.6) we define
Note that 
and (1.2) follows from (2.8). Because of (2.7) it is obvious that (1.4) and (1.5) are equivalent.
(ii) Let W 12 have the singular value decomposition
Then Lemma 2.1 and (2.2) yield
such that 
